Anisotropic thermal properties are of both fundamental and practical interests, but remain challenging to characterize using conventional methods. In this work, a new metrology based on asymmetric beam time-domain thermoreflectance (AB-TDTR) is developed to measure three-dimensional anisotropic thermal transport by extending the conventional TDTR technique. Using an elliptical laser beam with controlled elliptical ratio and spot size, the experimental signals can be exploited to be dominantly sensitive to measure thermal conductivity along the cross-plane or any specific in-plane directions.
I. Introduction
Anisotropic thermal transport is of both fundamental and practical importance.
Orientation-dependent thermal conductivity has been observed in many materials systems because of their highly asymmetric crystal structures 1 . For example, the in-plane thermal conductivity of most familiar two-dimensional (2D) materials, e.g. graphene, hexagonal boron nitride, and molybdenum disulfide can be more than 10 times, even 100 times higher than their cross-plane thermal conductivity [2] [3] [4] [5] [6] [7] [8] . Furthermore, some 2D materials like black phosphorus have three-dimensional anisotropy, i.e., the in-plane thermal conductivity also depends on crystal orientation [8] [9] [10] [11] [12] [13] [14] . Importantly, the interaction between 2D lattices and external defects has been revealed to be highly anisotropic and phonon mode dependent through in situ thermal-electrochemical characterizations 8 . Polymers can also exhibit strong orientation dependent thermal conductivity, like more than 40 times larger thermal conductivity along chain direction than that of the transverse direction in polyethylene 15, 16 . In addition to these van der Waals and covalent bonding mixed systems, materials with single form of bonding can also possess anisotropic thermal conductivity, like quartz, uranium dioxide, perovskites and so on [17] [18] [19] . Even materials considered as isotropic materials can display anisotropic thermal transport due to nonhomogeneous grains and defects during crystal growth, high aspect ratio nanostructure [20] [21] [22] , superlattice or heterostructures 23 , and measurement or device heating geometries [24] [25] [26] . For many applications, understanding the anisotropic thermal properties is a key merit to evaluate performance, e.g. thermal management in electronics 27, 28 , nuclear reactor design and safety 18, 29 , thermally stable photovoltaic conversion 19, 30 , directional thermoelectric conversion efficiency 31, 32 and thermal regulation 8, 33 . However, accurately measuring the anisotropic thermal transport remains challenging, despite that significant progress has been made recently.
The traditional spirit of measuring anisotropic thermal conductivity is to align temperature gradient and heat flux along the sample orientation that is of interest, so that no temperature gradient exists in any other directions, like steady-state methods and transient laser flash [34] [35] [36] [37] . The prerequisite of big size samples or specified geometry limits their application for anisotropic measurement on novel materials. Modified 3ω-method and micro-bridge techniques can enable anisotropic thermal conductivity measurement on small samples [38] [39] [40] [41] [42] [43] [44] [45] [46] , however, these methods usually require complicated microfabrications and materials processing to produce heating elements or resistive temperature sensors on the sample surface. Compared with micro-fabricated devices and 3ω method, the pump-probe optical spectroscopies such as time-domain thermoreflectance (TDTR), frequency-domain thermoreflectance, and transient thermal grating techniques can be used to perform non-contact and fast thermal conductivity measurement on both bulk and nanoscale samples [47] [48] [49] [50] [51] [52] [53] , while isotropic heat conduction model was assumed in its early stage of development. To facilitate directional thermal conductivity measurement, TDTR has been recently modified to improve the measurement sensitivity to in-plane heat conduction [54] [55] [56] . Beam offset method was developed, but requires extra setups for translating beam positions and its data fitting under anisotropic heat conduction model can be time-consuming if the material is threedimensional anisotropic 55 . Variable circular spot size has been applied but this method is not able to distinguish the in-plane anisotropy 56 .
Here probe beams using a mechanical stage and fitted with a multilayer thermal model to obtain the thermal conductivity (κ) of the sample. To achieve high signal to noise ratio, the laser pulses are modulated, and lock-in technique are used to detect temperature response at modulation frequency f0. Under the assumption that temperature response of the sample to laser heating is both linear and time invariant, the detected signal by lock-in amplifier was given by Cahill as found in literatures 52, 53 . As follows, the frequency response of anisotropic materials with elliptical laser heating is derived for analyzing AB-TDTR measurement signal.
Different from isotropic medium, where heat flux is always along temperature gradient direction, heat conduction in anisotropic medium is much more complicated, where heat flux is related with temperature gradient along all the directions.
Mathematically, it can be expressed in cartesian coordinates as
where i, j mean the directions and T is temperature. Nine κij elements constitute a second rank tensor,
which is called thermal conductivity tensor. Under a certain orthogonal Cartesian coordinate system, the off-diagonal elements of thermal conductivity tensor can vanish 17 .
The axes of this coordinate system are defined the principal thermal transport axes. The anisotropic heat conduction equation in AB-TDTR measurement in this coordinate is expressed as ) (7) where C and D are elements of transfer matrix as function of thickness and , indicating geometry and thermal properties of each layer 53 . After inverse Fourier transformation and taking the elliptical shape of probe beam into account, the frequency response function of AB-TDTR is derived as
where Note, the alignment between the elliptical beams and the principal crystal directions can be controlled using a rotating sample holder (Fig. 1a) . Even under the coordinates that the asymmetric beams are not aligned with the principal crystal directions, when elliptical beams with very high elliptical ratio is used and cross-plane is along z axis, the heat conduction would be two-dimensional in x-z plane and the terms More discussion about anisotropic heat conduction will be given in the following for the demonstrative experiment on black phosphorus (BP).
B. Experimental principles and sensitivity analysis
The setup schematic of AB-TDTR is shown in Fig.1 (b) . A pair of cylindrical lenses (THORLABS LJ1653L1-B and LK1419L1-B) and a pair of spherical lenses are combined to enable independently control of spot size (Dx and Dy) along the x and y axis of the elliptical laser beams (Fig. 1c) . The use of asymmetric beams instead of circular beams in AB-TDTR measurement enables the capability to precisely measure thermal conductivity along arbitrary directions of interest.
The key design of AB-TDTR is to decouple thermal transport along different 
where α can be κxx, κyy.
Here, a sensitivity ratio is defined as γ = ⁄ , representing the key metric to quantitatively determine the measurement unce rtainty due to the two competing parameters, i.e. κxx, κyy. The sensitivity ratio as a functio n of thermal conductivity and beam diameters are plotted as color contours in Fig. 2 
III. Demonstrative AB-TDTR measurements on various materials A. Experimental details
Examples of AB-TDTR experiments are conducted on different materials from isotropic materials, 2D anisotropic materials, to 3D anisotropic materials. The optical setup of AB-TDTR is illustrated in Fig. 1 (b) . In this setup, a Ti:Sapphire oscillator Fig. 1 (b) . By controlling the distance of the plano-concave and plano-convex lenses, the beam size can be manipulated. And the elliptical ratio can be tuned by controlling the distance between convex and concave cylindrical lens as shown in Fig. 1 (c) . For all the samples in the following sections, 80nm aluminum films are coated on them to serve as transducer by using e-beam evaporator. To evaluate the measurement reliability, 10 measurements are performed at each sample condition for all the following experiments.
B. Measurement of isotropic materials (κ xx = κ yy = κ zz )
First, the AB-TDTR experiment is conducted on prototype isotropic materials, including silicon, cubic boron nitride, and cubic boron phosphide. As the first step, the cross-plane thermal conductivity κzz is accurately measured. Based on the sensitivity analysis ( Fig. 2) , the experiment is first designed to achieve high sensitivity to the crossplane thermal transport, for example, using a big beam spot size (Dx ~30 µm) and high modulation frequency (f0 = 9.8 MHz). As an example, the cross-plane thermal conductivity of the silicon sample was measured as κzz = 138.2 ± 5.1 W/mK, consistent with literature 61, 62 . Then by using smaller spot size Dx = 7 µm and Dy = 210 µm and small modulation frequency of f0 = 1.1 MHz, the phase data with delay time from 500 ps to 5000 ps was probed as displayed in Fig. 3 . By fitting with the thermal diffusion model described in section II. A, the in-plane thermal conductivity is measured consistent with κzz , within 10% uncertainty. This verifies that thermal conductivity in silicon is almost isotropic. We also applied our AB-TDTR to measure cubic boron nitride and boron phosphide and summarized the data in Fig. 6 .
C. Measurement of transversely isotropic materials (κ xx = κ yy ≠ κ zz )
Next, AB-TDTR is performed on transversely isotropic material which possesses isotropic in-plane thermal conductivity but different from the cross-plane thermal conductivity. Highly oriented pyrolytic graphite (HOPG) is used as a prototype exemplary material here. Since in each layer of graphite carbon atoms are arranged at honeycomb lattice, thermal transport in basal plane is isotropic. A two-step measurement procedure is performed. First of all, the interfacial thermal conductance (G) and κzz are measured at a high modulation frequency and a large beam spot. Specifically, here by using modulation frequency f0 = 9.8 MHz and big circular spot with diameter of 30 µm, the interface conductance between graphite and aluminum is measured as 5.5×10 7 W/m 2 K, which is consistent with the reported value at room temperature by Schmidt et al 64 . Second, AB-TDTR is applied with a low f0 value for in-plane measurement.
Specifically, the modulation frequency is set as f0 = 1.1 MHz and beam spot size are Dx = 30 µm and Dy = 900 µm. Consequently, with the value of G fixed, κxx was extracted by fitting the AB-TDTR measurement data (Fig. 4a) . In addition, the angle dependent thermal conductivity of graphite is measured using AB-TDTR method by rotating sample around the laser incidence direction (Fig. 4b) . κxx and κzz of graphite are measured as 2054.0±313.9 W/mK and 5.5±0.7 W/mK respectively with no angle dependence, consistent with literature data 53, 54, 56, 65 .
In addition to the highly anisotropic graphite, AB-TDTR is applied to measure weakly anisotropic materials with relatively low thermal conductivity such as quartz and sapphire used as examples. For quartz, because of the absolute value of thermal conductivity is less than 10 W/mK, smaller spot size Dx = 3 µm is adopted to improve sensitivity to in-plane thermal conductivity. The AB-TDTR results on these relatively low thermal conductivity materials show consistency with literature ( Fig.6) , proving the applicability of our new metrology on relatively low thermal conductivity materials with small anisotropy 55, 66 . In addition, we note that a modulation frequency (f0) dependent κzz was observed in transition metal chalcogenides 67 . To consider such an effect from modulation frequency dependence, κzz is measured at the corresponding modulation frequency in order to extract κxx from the AB-TDTR data.
D. Measurement of transversely-anisotropic materials (κ xx ≠ κ yy ≠ κ zz )
As we mentioned in the previous section, the most important advantage of AB-TDTR over variable spot size approach 56 is the extended capability of measuring transversely anisotropic materials, in which the thermal conductivity show significant difference even in the transverse plane. Black phosphorus (BP) is an ideal material platform that shows strong three-dimensional isotropy due to its highly anisotropic lattice structure.
Here, we performed AB-TDTR measured and studied the angle dependent thermal conductivity of BP. The G between BP and aluminum is measured as 3. .
Importantly, AB-TDTR measurement can clearly identify the diagonal elements in the thermal conductivity tensor, i.e., κxx, κyy, and κzz. Mathematically, the off-diagonal elements of thermal conductivity tensor as described by the anisotropic heat conduction 
In AB-TDTR measurement, the temperature gradient (i.e., 2 2 ) along major direction is vanishing, under a large elliptical ratio of laser beams. When the incidence direction of laser beam is normal to one principal directions, the other two off-diagonal terms would also vanish, and the heat conduction equation would become 
So the thermal conductivity element along ′ would be
where κxx and κyy are thermal conductivity along zigzag and armchair direction respectively. Based on Eqn. (13), the angle-dependent diagonal elements of thermal conductivity tensor are predicted (Fig. 5c ). Experimentally measured thermal conductivity using AB-TDTR as a function of angle is plotted together and shows great agreement with the model prediction (Fig. 5c ). This suggests that our AB-TDTR measurement result is a direct representation of the diagonal elements. , and calculated at a fixed delay time of 100 ps. The sensitivity contours verify the high measurement sensitivity to the thermal conductivity along the direction of interest, i.e. κ xx. The strong contrast in sensitivity ratio provide guidance for optimizing the measurement accuracy. 
Conclusion

